This paper addresses, and was motivated by, two open questions concerning the Bernoulli property for partially hyperbolic systems with some controlled behavior along the center direction. Namely, we address a question due to A. Wilkinson concerning the Bernoullicity of accessible, center-bunched volume preserving C 1+α -partially hyperbolic diffeomorphisms with Lyapunov stable center and a question due to F. Hertz, J. Hertz and R. Ures [18] concerning the Bernoulli property for jointly integrable volume preserving perturbations of ergodic linear automorphisms of T N .
Introduction
Given a measure space (X, B, µ) and a measure preserving automorphism f : X → X with finite entropy, we say that f is a Bernoulli automorphism, that it is a Bernoulli system or that it has the Bernoulli property, if (f, µ) is measurably conjugate to a (σ, ρ) where σ : Σ Z → Σ Z , Σ = {0, 1, . . . , n − 1} with n ∈ N, is a standard Bernoulli shift and ρ is the Bernoulli measure in Σ Z defined by some distribution p = (p 0 , . . . , p n−1 ). Bernoulli systems are extremely important in ergodic theory and dynamical systems in general due to its huge variety of dynamical and ergodic properties. Although the Bernoulli property is much stronger than mixing, many of the natural examples arising in smooth dynamics which are mixing are actually Bernoulli. For example, Y. Katznelson proved in [32] that every ergodic automorphism of tori is actually a Bernoulli automorphism. Few years latter, specialists started to realize that there was a deep connection between what are called hyperbolic structures and the occurrence of ergodic properties such as ergodicity, mixing and Bernoulli property. In the seminal paper [2] D. Anosov proved that geodesic flows of negatively curved compact manifolds are ergodic, and furthermore they are K-systems, i.e, they have completely positive entropy. One of the key properties used in this proof is the fact that the stable and unstable foliations of such dynamical systems are absolutely continuous.
Recall that given a foliation F by C r leaves of a manifold M , F is called absolutely continuous if any holonomy map h : T 1 → T 2 between two local transversals T 1 and T 2 of F, is absolutely continuous in the sense that h * λ 1 << λ 2 where λ i is the measure induced by the Riemannian metric on T i , i = 1, 2.
The K-property is already much stronger than ergodicity and in [15] using the hyperbolic structure and Ornstein theory, D. Ornstein and B. Weiss proved that geodesic flows in compact surfaces with negative curvature are actually Bernoulli, which is far stronger than ergodicity. The strategy stablished in [15] was pushed forward by several other authors and for much more general contexts such as: volume-preserving non-uniformly hyperbolic diffeomorphisms [33] , non-uniformly hyperbolic singular maps and flows [13] , partially hyperbolic derived from Anosov diffeomorphisms [26] . In all the cases where uniform or non-uniform hyperbolicity is present, the central roles are played by the absolute continuity of stable and unstable foliations, transversality, the K-property and the uniform contraction and expansion of the stable and unstable foliations respectively.
We recall that a diffeomorphism f : M → M , defined on a compact Riemannian manifold M , is partially hyperbolic if there is a non-trivial splitting
which is invariant by Df and there is a Riemannian metric and continuous positive functions ν,ν, γ,γ with ν,ν < 1 and ν < γ <γ
such that, for any unit vector v ∈ T p M ,
For a partially hyperbolic diffeomorphism f , we say that
• f is accessible if any two points x, y ∈ M may be connected by a concatenation of C 1 -paths each of which is fully contained in a stable or an unstable leaf of f -this concatenation is called an su-path ;
• f is essentially accessible if any measurable set which is an union of accessibilities classes, must have full of zero volume measure (the accessibility class of a point x ∈ M , AC(x) is the set of all points y ∈ M which may be reached from x through an su-path);
• f is center-bunched if ν,ν, γ andγ can be chosen so that: max{ν,γ} < γγ;
• f satisfies the strong center-bunching property if:
for a certain θ ∈ (0, δ) satisfying
All along the paper we denote by PH r µ (M ) the set of C r -partially hyperbolic diffeomorphisms on M preserving a given measure µ fixed.
The occurence of the Bernoulli property for partially hyperbolic diffeomorphisms is a much more delicate issue than the same for the context of (non)uniformly hyperbolic diffeomorphisms, and does not follows from the Kolmogorov property (see a recent example in dimension four given by A. Kanigowski, F. Hertz and K. Vinhage [1] ). The question of wether the Kolmogorov and the Bernoulli property are equivalent for volume preserving C 2 partially hyperbolic diffeomorphisms on three dimensional manifolds is still open (see [26] ). It is worth mentioning here that from [19, 3] , there exists a C 1 -open and dense set of Bernoulli diffeomorphisms among the C r , r > 1, volume preserving partially hyperbolic diffeomorphisms on a compact connected manifold. Moreover, very recently G. Núñez and J. Hertz [22] have proved that for a residual set R of the family of C 1 , volume preserving partially hyperbolic diffeomorphisms of a three manifold, given f ∈ R the existence of a minimal expanding or contracting f -invariant foliation implies that f is stably Bernoulli. The same authors then conjecture (see [22, Conjecture 1.2] ) that for a generic set of such diffeomorphisms, either all the Lyapunov exponents vanish almost everywhere or a minimal invariant expanding/contracting foliation exists.
Center behavior and the equivalence of Kolmogorov and Bernoulli properties
In the partially hyperbolic situation presented in [26] , that is for partially hyperbolic diffeomorphisms of T 3 which are homotopic to a linear Anosov, absolute continuity of the center-stable (or center-unstable foliation) is assumed, and the absence of uniform contraction (or uniform expansion) is bypassed by analysing the measure theoretical behavior of the center foliation and proving that essentially one may reduce each center leaf to a subset where a topological contraction (expansion) occurs and with arbitrarily large density. This approach is only possible because derived from Anosov diffeomorphisms of T 3 are semi-conjugate to their linearization and, being so, they carry on their central leaves a type of topological contraction (or expansion) over long arcs of center leaves.
For a general volume preserving C 2 partially hyperbolic diffeomorphism this approach is not possible and, even assuming accessibility, center-bunching condition and existence of an absolutely continuous center-stable foliation, it is not clear how to obtain the Bernoulli property, if this is the case.
It turns out that some control on the growth behavior of the center direction is needed. A partially hyperbolic diffeomorphism is said to have Lyapunov stable center if given any ε > 0, one may find δ > 0 such that given any C 1 -arc γ tangent to E c with length less than δ, the curves f n (γ), n ∈ N, all have length less than ε, where the length is measure along the center leaf. When f and f −1 have Lyapunov stable center we say that f is has bi-Lyapunov stable center. It is known (see Section 2.3 for more details) that if f has Lyapunov stable center then E c ⊕ E s integrates to an f -invariant foliation F cs . In particular, if f is bi-Lyapunov stable then E c ⊕ E s and E c ⊕ E u both integrates to finvariant foliations (in this case we say that f is dynamically coherent) and the intersection of such foliations yields a foliation F c tangent to E c . By revisiting the arguments employed in [33, 13, 26] we are able to prove that with the assumption of Lyapunov stable center the argument may be extended to the partially hyperbolic context as below:
1+α volume preserving partially hyperbolic diffeomorphism which satisfies: 1) f is dynamically coherent;
2) F cs holonomies between almost every pair of F u local leaves are absolutely continuous.
If f has Lyapunov stable center and is a K-automorphism then it is a Bernoulli automorphism. Remark 1.1. By Lemma 2.6, which will be proved in Section 2.1, the second item of Theorem A is equivalent to leafwise absolute continuity of F cs since the transverse foliation F u is absolutely continuous. Also, since inverse of K-systems are also K-systems, by taking f −1 we may replace F cs to F cu in the second item.
In the light of Theorem A, for all the systems treated in this paper, the Bernoulli property will be obtained by proving that F cs is leafwise absolutely continuous.
The accessible one-dimensional case
The stable ergodicity problem in smooth ergodic theory consists, roughly speaking, in determining conditions under which a smooth dynamical system is stably ergodic. The classical example of such diffeomorphisms are the C 2 volume preserving Anosov diffeomorphisms, since the Anosov class is C 1 open. For the general context of partially hyperbolic diffeomorphisms there is a well known conjecture by C. Pugh and M. Shub concerning the C r -density, r ≥ 2, of stable ergodicity among partially hyperbolic systems (see [12] for more details). This conjecture is fully proved for the case of one-dimensional center (see [19] ). The original plan to prove Pugh-Shub conjecture is to prove two other conjectures: that essential accessibility implies ergodicity; that stable accessibility if C rdense among partially hyperbolic systems. For an account on the state of art on these conjectures we refer the reader to [18] . In the last two conjectures the (essential) accessibility and its relations to ergodicity plays a central role. It is not known yet if accessibility alone implies ergodicity, and in most of the literature the center-bunched hypothesis is also necessary. The state of the art in this direction is the following result by A. Wilkinson and K. Burns.
Theorem 1.2.
[12] Let f be C 2 , volume preserving, partially hyperbolic and centerbunched. If f is essentially accessible, then f is ergodic, and in fact has the Kolmogorov property. If center-bunched is replaced by the strong center-bunching property, then C 1+α regularity is enough.
As one can see in Theorem 1.2 the K-property, which is much stronger than ergodicity, is obtained and this raises the natural question of whether the partially hyperbolic structure assumed in Theorem 1.2 implies that the K-property may be pushed to the Bernoulli property. This question is still widely open and is extremely hard if no other hypothesis is assumed for the center direction. As the absence of uniform contraction/expansion behavior of the center manifold is a major obstruction for the generalization of the proofs of [33, 13] to the partially hyperbolic context, it is natural to wonder if some control hypothesis for the center would imply the Bernoulli property. We then address the following problem due to A. Wilkinson.
Problem 2.
(see [18, Problem 49]) Let f : M → M be a volume preserving C 1+α -partially hyperbolic diffeomorphism which is accessible and center-bunched. If f has Lyapunov stable center is it true that f is Bernoulli?
Using a recent new approach we have "essentially" solved Problem 2 for the onedimensional center and replacing Lyapunov stability by bi-Lyapunov stability. The word "essentially" here stands for the fact that we have proved that there is a strong dichotomy for the regularity of the center foliation, either the center foliation is C ∞ or the volume measure has atomic disintegration, and the former case implies that F cs is leafwise absolutely continuous, which by Theorem A implies the Bernoulli property. The latter one shows that the center foliation is extremely pathological. Dichotomies of this type have been the key in several results, among which we cite [5] and a recent article of D. Damjanovic, A. Wilkinson and D. Xu [14] where this dichotomy is used to obtain a global classification of the centralizer of certain partially hyperbolic diffeomorphisms on three manifolds.
Theorem B. Let f : M → M be a C 1+α partially hyperbolic diffeomorphism with orientable one dimensional center bundle. If f is volume preserving, accessible and biLyapunov stable along the center direction, then f is bi-Lipschitz leafwise weakly rigid along the center direction. Moreover the associate f -invariant continuous system of metrics is su-invariant. Furthermore either:
• the disintegration of m along the center foliation is atomic or
• F
c is C ∞ and f is a Bernoulli automorphism. Remark 1.3. During the final writing of this article the preprint [7] by C. Bonatti and J. Zhang was posted in ArXiv and one of their results has an intersection with Theorem B. There, what we call here bi-Lyapunov stability of the center they named topologically neutral center, and they prove that C 1 partially hyperbolic diffeomorphisms with topologically neutral center -not necessarily with orientable center foliation -admit a continuous system of center metrics which is f -invariant and invariant by stable and unstable holonomies. The techniques they use are different from the ones used here and, since they do not assume accessibility or volume invariance, they obtain the existence of the continuous invariant metric system under weaker hypothesis but do not obtain informations on the local strong equivalente of such metrics with respect to the leaf metrics. In resume, in [7] they are able to prove the existence of a continuous system of invariant metrics with less assumptions but in such generality it may not be able to apply the results of [27] to directly classify the disintegration of ergodic invariant measures.
Here the existence of the continuous system of invariant is found in Theorem F using equicontinuity along an orientable one-dimensional f -invariant foliation and does not use partial hyperbolicity of f .
Neutral center with jointly integrability
A C 1 partially hyperbolic diffeomorphism f : M → M is said to have neutral center if there exists K > 1 for which
It is easy to see that neutral center implies bi-Lyapunov stability and, consequently, it is dynamically coherent. Also, for this case the center metrics given by setting the central distance between x and y as the supremum (in n ∈ Z) of the leaf distances between f n (x) and f n (y) is clearly invariant and strongly equivalent to the leaf distance. In particular, for this case it is proved in [27] that any ergodic invariant measure is either weakly-atomic along the central foliation (i.e, the conditional measures are supported on a countable number of boundaries of open balls in the leafs) or the central foliation is leafwise absolutely continuous.
We are able to prove that in the latter case, for any dimension of the center direction if f is conservative and E s ⊕ E u is integrable, then the Kolmogorov property may be upgraded to the Bernoulli property.
Theorem C. Let f : M → M be a C 1+α volume preserving partially hyperbolic diffeomorphism which satisfies: 1) f has neutral center;
If f is a K-automorphism and F c is not weakly-atomic, then f is a Bernoulli automorphism.
We remark that, when f is accessible, the proof of Theorem B does not generalizes to this case since the one-dimensionality of the center direction was essential in the argument.
The proof of Theorem C is a straighforward consequence of Theorem A together with the following When the stable ergodicity problem started to be studied, a natural question raising in the field (see [20] ) was the following: is every linear ergodic automorphism of T N stably ergodic? This question was solved by F. Hertz in [30] where Hertz proves that perturbations of such linear ergodic automorphisms with center-dimension equal to 2 are always essentially accessible and center-bunched. Furthermore, Hertz proves that perturbations of those linear ergodic automorphisms may be divided in two classes:
• accessible diffeomorphisms;
• non-accessible diffeomorphisms with E s ⊕ E u integrating to a C ∞ -foliation.
Since ergodic linear automorphisms of T N are Bernoulli one may wonder if the Bernoulli property is also stable. In [18] , the Hertz-Hertz-Ures posed the following: 2) Let f be a volume preserving C ∞ -perturbation of an ergodic automorphism of
The second item of Problem 3 obviously is implied by the first one. In [4, Theorem A] Avila-Viana obtained a solution for this problem when the perturbation is inside the set of symplectomorphisms of T 4 . Here we obtain an advance for Problem 3.2 for tori of arbitrary dimension. In the following Theorem, m denotes the volume measure in T N .
and in the conditions of [30] , then either i) F c is weakly-atomic; or ii) f Bernoulli.
The foundation of the approach
As we have remarked in the previous discussions, the idea to obtain the Bernoulli property is to prove that F cs -holonomies are almost every absolutely continuous and then to use Theorem A. For this goal we apply a recent approach introduced in [27] for the context of partially hyperbolic diffeomorphisms with some control on the center manifold.
In [27] the authors prove that given a continuous map f : M → M preserving a continuous foliation F,along F the presence of an invariant leafwise system of metrics {d x : x ∈ M }, each d x being a metric in F(x), which are locally strongly equivalent to the leaf metric, imply a strong dichotomy for the disintegration of any ergodic invariant measure preserved by the system, namely:
• the conditional measures are supported in a countable number of boundaries of balls in F(x), for almost every x or
• the conditional measures are the Hausdorff measures induced by the metric d x in F(x).
In the first part of Theorem B we prove that for accessible, volume preserving C 1+α -partially hyperbolic diffeomorphisms with orientable one-dimensional center bundle, biLyapunov stable center implies the existence of such metric system along the center leaves. So that one may apply the main result in [27] to obtain the dichotomy "atomicity or leafwise absolute continuity". Then, using the su-invariance of the metric system we may prove that the latter case implies that F c is C ∞ , which in particular implies that F cs is absolutely continuous, so that we are in position to apply Theorem A. For the setting of Theorem C, we automatically have an invariant system of metrics on the center leaves which are locally strongly equivalent to the Riemannian leaf distances, and consequently F c is leafwise absolutely continuous. However we no longer have accessibility. In this case, when F c is leafwise absolutely continuous, we use the fact that E s ⊕ E u is integrable in the following way:
• we prove (see Theorem 4.1) that the integrability of E s ⊕ E u implies that F s is absolutely continuous inside a fixed su-leaf F su (x), therefore the Riemannian volume m su x on F su (x) has a product-type structure along the sub-foliations F s and
• since f is center-bunched, stable/unstable holonomies inside center-stable/centerunstable leaves are C 1 , thus using that F c is leafwise absolutely continuous, it follows (see Proposition 4.2) that F su -holonomies between almost every pair of su-leaves are absolutely continuous; in particular the volume measure m also has a product type form along F c and F su ;
• the first two items imply (see Theorem D) that cs-holonomies between almost every pair of unstable leaves is absolutely continuous.
Then Theorem C follows as a straightforward application of Theorem A. At last, Theorem E follows as a consequence of Theorem C once we observe that the results of [30] imply that such perturbations satisfy the conditions of Theorem C.
Structure of the paper
In the sequel, we provide in Section 2.1 some basics on measure theoretical properties of foliations, partially hyperbolic diffeomorphisms as well as some results on such topics which will be used along the paper. Then, although we use Theorem A to prove the other results, we choose to follow the preliminaries section with Section 3 where we prove Theorem B, and Section 4 where we prove Theorems D, C and E. This choice was made in order to present the reader the meat of the argument right away leaving the technicalities of Theorem A to another section, since it resembles a lot previous arguments of the literature. Finally, we prove Theorem A in Section 5.
Preliminaries 2.1 Measure theoretical properties of foliations
Let M be a manifold of dimension d ≥ 2. A foliation with C r leaves, r ≥ 1, is a partition F of M into C r submanifolds of dimension k, for some 0 < k < d and 1 ≤ r ≤ ∞, such that for every p ∈ M there exists a continuous local chart
with φ(0, 0) = p and such that the restriction to every horizontal B k 2 × {η} is a C r embedding depending continuously on η and whose image is contained in some F-leaf.
) is called a foliation box and the sets Φ(B 
is called a closed local chart and the image
) is called a closed foliation box. Given a subset T ⊂ M we say that T is transversal to F if for every x ∈ T , there exists a foliation box B containing x for which the connected component of T ∩ B containing x is a local transversal to F.
Along the paper, given a manifold N we will use the notation λ N to denote the volume measure on N induced by its Riemannian structure. We sometimes refer to this measure as being the Lebesgue measure of N . Definition 2.1. Given a foliation F of M by C r -leaves and T 1 and T 2 two local transversals inside a foliation box B, the local F-holonomy between T 1 and T 2 is the map
• there exists a foliation box B such that U 1 and U 2 are local transversals in B;
• h x,y is the restriction to U 1 of a local F-holonomy . Definition 2.2. We say that a foliation F is absolutely continuous if given any pair of local smooth transversals T 1 and T 2 the holonomy map h T 1 ,T 2 defined by F between T 1 and T 2 is absolutely continuous with respect to the Riemannian measures λ T 1 and λ T 2 defined in T 1 and T 2 respectively.
Absolute continuity of a foliation is a measure theoretical property which implies in a certain sense a version of Fubini theorem for the foliation. Let (X, µ, B) where X is a polish metric space, µ a finite Borel measure on X and B the Borel σ-algebra of X. For a partition P of X by measurable sets, considering the projection π : X → P we may define the measure space (P, µ, B) where
Definition 2.3. Given a partition P. A family of measures {µ P } P ∈P is called a system of conditional measures for µ along P if i) for every continuous function φ : X → R the map P → φ dµ P is measurable;
ii) µ P (P ) = 1 for µ-almost every P ∈ P;
iii) for every continuous function φ : X → R,
If {µ P } P ∈P is a system of conditional measures for µ along P we also say that the family {µ P } disintegrates the measure µ or that it is the disintegration of µ along P.
It is a well known fact (see [16, 31] ) that when the disintegration of µ with respect to a partition P exists then it is essentially unique. The disintegration of a measure along a partition does not always exists. We say that a partition P is a measurable partition (or countably generated) with respect to µ if there exist a family of measurable sets {A i } i∈N and a measurable set F of full measure such that if B ∈ P, then there exists a sequence
For measurable partitions, the following classical result of Rohklin guarantees the existence of a disintegration of a given probability measure µ.
Theorem 2.4 (Rokhlin's disintegration theorem [31] ). Let P be a measurable partition of a polish metric space X and µ a finite Borel measure on X. Then there exists a disintegration of µ along P and this disintegration is essentially unique, i.e, any other disintegration should coincide with the previous oneμ-almost everywhere.
Definition 2.5. We say that a foliation F is leafwise absolutely continuous, or that volume has Lebesgue disintegration along F-leaves, if for almost every leaf L, the conditional measure m L of m along the leaf is equivalent to the Riemann measure λ L on the leaf.
It is a classical fact that absolute continuity implies Lebesgue disintegration of volume (see [5, Lemma 3.4] ) but the opposite is not true.
To prove the next proposition we use a lemma due to Pugh-Viana-Wilkinson.
Lemma 2.6 (Pugh-Viana-Wilkinson, [28] ). 2 If volume has Lebesgue disintegration along a foliation F, then for every transverse local foliation T to F with the property that Tholonomies between F leaves are absolutely continuous, the local F-holonomy map h F between m-almost every pair of T -leaves is absolutely continuous in the sense that given any local leaf
Corollary 2.7. Let F be a foliation for which volume has Lebesgue disintegration and T be an absolutely continuous transversal foliation to F. Denote by {m T x } x the disintegration of the volume measure m along T and ν x the factor measure induced on F(x). Then, for almost every x and for ν x -almost every y ∈ F(x) the F-holonomy map between T (x) and T (x ) is absolutely continuous.
Proof. Take L 0 = F(z) arbitrarily. By Lemma 2.6 we may take x ∈ L 0 and R ⊂ L 0 such that λ L 0 (R) has full measure in L 0 and for every y ∈ R the holonomy between T (x) and T (y) is absolutely continuous. Since T is absolutely continuous then for every F-leaf, F(z ) we have that h T z,z (R) also has full λ F (z ) -measure. In particular, since F is leafwise absolutely continuous, the set
has full m-measure. Now, for the initial x ∈ L 0 fixed, we know that
As x can be chosen inside a full λ L 0 -measure inside each central leaf L 0 , by the leafwise absolute continuity of F it follows that, for almost every x and for ν x -almost every y ∈ F(x) the F-holonomy map between T (x) and T (x ) is absolutely continuous as we wanted to show.
Lemma 2.8. Given two transverse foliations F 1 and F 2 , both by C 1 leaves, of N . Assume that given any leaf L 1 ∈ F 1 , we have
Proof. This is just a consequence of Fubbini theorem. Indeed, given any
As F 1 is C 1 and Cc(F 2 (x 0 ) ∩ U ) is a C 1 manifold transverse to F 1 , we may take the
By Fubbini theorem applied to the image ϕ(U ) we have that the Lebesgue measure of ϕ(F
is also zero. Now, as F 1 (x) and F 2 (x 0 ) always intersect each other, every point in N is inside a (thin) local chart containing some point of F 2 (x 0 ). In particular, we may cover N with a countable number of such local charts. Consequently, since the saturate has zero measure inside each of them we conclude that the F 1 -saturate of E has zero λ N -measure as we wanted to show.
Dichotomy for invariant ergodic measures of leafwise weakly rigid actions
The understanding of the conditional measures obtained from the disintegration of a given measure along a foliation is very useful when studying ergodic properties or even rigid properties of dynamical systems. In a recent work, the author in collaboration with R.
Varão [27] have studied this problem under the assumption that the given dynamics preserves some kind of metric structure along the leaves. In this section we briefly recall the main definitions and the main theorem in [27] , but instead of stating everything in the context of laminations (as done in [27] ) we state everything for the setting of foliations which is enough for our purposes.
Let G be a second countable group and M be a Riemannian manifold. Given a continuous action G M and a foliation F of M , we say that the action preserves F, or that
Recall that given a metric space (X, d), a measure ν on X is said to be a doubling measure if there exists a constant Ω > 0 such that for any x ∈ X and any r > 0 we have
Let (X, d) be a metric space. A premeasure defined on a family C of subsets of X containing the empty set, is a nonnegative function ρ : C → R such that ρ(∅) = 0. Given a premeasure ρ the following theorem, also refered to as Carathéodory Method II, produces a metric outer measure, that is, an outer measure µ * for which
for any pair of subsets E, F ⊂ X with d(E, F ) := inf{d(e, f ) : e ∈ E, f ∈ F } > 0.
Theorem 2.9. [11, Section 3.3] Let (X, d) be a metric space and C a family of subsets of X with ∅ ∈ C. Let ρ be a premeasure on C. For each δ > 0 define
exists, being possibly infinite, and µ ρ, * is a metric outer measure on X.
A metric outer measure on (X, d) is always a Borel measure (see [11, Theorem 3.8] ), thus Theorem 2.9 produces for each premeasure an associated Borel measure.
Let (X, d) be a metric space and m ∈ N \ {0}. Consider C = {∅} ∪ {B(x, r) : x ∈ X, r > 0} and the premeasure ρ m : C → R given by
where B(x, r) denotes the open ball at x of radius r. The measure ρ obtained from Theorem 2.9 applied to ρ m , will be called the m-dimensional Hausdorff measure on X generated by d. When X is an m-dimensional manifold and d is a Riemannian metric on X, we refer to the m-dimensional Hausdorff measure on (X, d) as being the Hausdorff measure on X.
The following definition was introduced in [27] .
Definition 2.10. Let F be an m-dimensional continuous foliation of M . We say that a system of metrics {d x } is a Borel metric system for F if:
i) given a Borel set E ⊂ M and any r ≥ 0, the union
is a measurable set where B dx (x, r) ⊂ F(x) denotes the d x -ball centered at x and with radius r;
ii) denoting by ρ x the m-Hausdorff measure generated by d x , the map
is measurable in the sense that, given any measurable set W , the real valued func-
Definition 2.11. Let G X be a continuous action preserving an m-dimensional foliation F. We say that the action is bi-Lipschitz leafwise weakly rigid (along F) if there exists a Borel metric system {d x } x∈X along F such that i) the system of metrics is invariant, i.e,
ii) the local charts ϕ of F are bi-Lipschitz when restricted to plaques of F endowed with the metrics given by the Borel metric system.
More precisely, item (ii) is equivalent to say that given a local chart, ϕ :
is bi-Lipschitz when we consider L endowed with d x , x ∈ L, and R m endowed with the standard euclidian distance.
Theorem 2.12.
[27] Let G be a second countable group acting on a smooth manifold M by continuous maps and assume that the action is bi-Lipschitz leafwise weakly rigid along a G-invariant m-dimensional foliation F by C r -submanifolds, r ≥ 1. If G M is ergodic with respect to a G-invariant measure µ then either: a) µ is weak-atomic along F or; b) the normalized conditional measures µ x are just the m-dimensional Hausdorff measures on the leaves of F.
In particular if the foliation is one-dimensional case a) means atomic disintegration.
In particular, given a diffeomorphism f : M → M preserving a foliation F and an ergodic measure µ, by applying Theorem 2.12 to the Z-action generated by f , we conclude that if f preserves a Borel metric system whose metrics are locally strongly equivalent to the Riemannian metrics of the leaves, then either µ is weakly-atomic along F or the conditional measures are given by the Hausdorff measures on the leaves of F.
Partially hyperbolic diffeomorphisms
A diffeomorphism f : M → M defined on a compact Riemannian manifold M is said to be partially hyperbolic if there is a nontrivial splitting
and a Riemannian metric for which there are continuous positive functions ν,ν, γ,γ with ν,ν < 1 and ν < γ <γ
In what follows we say that f is volume preserving, or that f is conservative, if f preserves a probability measure which is equivalent to the volume measure given by the Riemannian structure of M .
Although we have already defined the properties mentioned in the paragraph below in the introduction we summarize them here for the sake of the reader.
A partially hyperbolic diffeomorphism f : M → M is said to be accessible if given any pair of points x, y ∈ M , there exists a concatenation of finitely many subpaths, each of which lies entirely in a single stable leaf or a single unstable leaf, which connects x and y. The path composed by this concatenation is called an su-path. Given any p ∈ M the accessibility class of p is the set of all points that can be connected to p by an su-path. In particular if f is accessible, the accessibility class of any point p ∈ M is the whole manifold. We say that a partially hyperbolic diffeomorphism f : M → M is essentially accessible if every measurable set which is an union of entire accessibility classes has either zero or full measure. A partially hyperbolic diffeomorphism f : M → M is centerbunched if the functions ν,ν, γ andγ can be chosen so that:
We say that f satisfies the strong center bunching condition if:
It is easy to see that dim(E c ) = 1 implies that f satisfies the strong center bunching condition, in particular f is center-bunched.
A celebrated result of A. Wilkinson and K. Burns which is the state of the art of the stable-ergodicity problem for general partially hyperbolic diffeomorphisms is the following: Theorem 2.13 (Burns-Wilkinson, [12] ). Let f be C 1+α , volume preserving, partially hyperbolic and satisfying the strong center bunching condition. If f is essentially accessible, then f is ergodic, and in fact has the Kolmogorov property.
If f is center-bunched then Theorem 2.13 is still true replacing the C 1+α -regularity by C 2 -regularity.
Corollary 2.14 (Burns-Wilkinson, [12] ). Let f be C 1+α , volume preserving, partially hyperbolic and with dim(E c ) = 1. If f is essentially accessible, then f is ergodic, and in fact has the Kolmogorov property.
Contrary to what happens to the stable and to the unstable directions, It is not true in general that the center direction of a partially hyperbolic diffeomorphism is integrable. However, under some controlling conditions on the behavior of Df along E c integrability occurs.
Definition 2.15. Let f : M → M be a partially hyperbolic diffeomorphism and E ⊂ T M be a Df -invariant bundle. We say that
• f is Lyapunov stable in the direction E if for any ε > 0 there is δ > 0 such that for any C 1 path γ tangent to E length(γ) < δ ⇒ length(f n γ) < ε, ∀n ≥ 0;
• f has Lyapunov stable center if f is Lyapunov stable in the direction E c ;
•
c , is the neutral center condition where one requires an uniform bound on the derivatives of f n along the center.
Definition 2.17. We say that f has neutral center direction if there exists K > 1 such that
for every x ∈ M and any n ∈ Z.
The nomenclature "neutral center" appeared for the first time in [34] motivated by examples of such diffeomorphisms which appeared in the construction of anomalous partially hyperbolic diffeomorphisms, providing counterexamples to the so called Pujals' conjecture, given in [9, 8] and [10] .
As showed in [27] , partially hyperbolic diffeomorphisms with neutral center f generate natural examples of Z actions which are leafwise weakly rigid along the center foliation of f . Then, as a direct consequence from Theorem 2.12 one has: Theorem 2.18.
[27] Let M be a compact Riemannian manifold and f : M → M be a C 1 partially hyperbolic diffeomorphism with neutral center. Then, given any f -invariant ergodic measure µ, either µ has Lebesgue disintegration along the center foliation F c or the conditional measures of µ along F c are weakly-atomic.
Theorem 2.18 will be the key starting point in the proof of Theorem C.
Ergodic automorphisms of tori and their perturbations
Let A : T n → T n be an ergodic automorphism under the conditions of [30] . Thus if f is C 22 close to A then by [30] either: 1) f is accessible or 2) E s ⊕ E u integrates to a smooth foliation F su and f is topologically conjugated to A by a homeomorphism h with preserves leaves and is C ∞ along the stable and unstable foliations.
Furthermore, in both cases f is essentially accessible and consequently it is a Kolmogorov automorphism.
Again by results of [30] , If (2) occurs there exists a C 1 conjugacy h between f and its linearization A which maps center leaves to center leaves. Since the linearization A is an isometry along the center direction and h is C 1 , the derivatives Df n (x), n ∈ Z, x ∈ M , are uniformly bounded. That is, there exists K > 1 such that
that is, f has neutral center. Thus, as a straightforward consequence of Theorem 2.18 we have:
Corollary 2.19. Let f be a volume preserving C 22 perturbation of a linear ergodic automorphism A : T N → T N satisfying the conditions of [30] . If f is not accessible and µ is any f -invariant ergodic measure then either µ has Lebesgue disintegration along the center foliation F c or the conditional measures of µ along F c are weakly-atomic.
The accessible one dimensional case
In this section we prove Theorem B assuming the validity of Theorem A.
Idea of the proof
Before proceeding to the technicalities of the proof we sketch the main ideas below. Consider the system of distances on the center leaves given by
First
Step.
We would like to prove that this system of metrics, which is clearly f -invariant, is also invariant by stable and unstable holonomies between center leaves, that is, inside centerstable and center-unstable leaves respectively. Observe that if y ∈ F s (x) and x ∈ F c (x),
is uniformly bounded in n. By uniform Lipschitz of the stable holonomies, we have
If the supremum involved in the definition of d x could be taken over n ∈ N (for all x, z ∈ F c (x)) then, by making n → ∞ in the previous expression we would have
). An analogous argument holds for the unstable holonomy.
Unfortunately the later property is not, a priori, true. Thus, in the first step of the proof we will prove that the system of metrics {d x } x∈M is a continuous system of metrics. As this fact does not use the partially hyperbolic structure we prove it in Theorem F using only leafwise equicontinuity of f . From the f -invariance of such system of metrics and continuity it follows directly that this system is also invariant invariant by stable and unstable holonomies.
Second
Step. Using accessibily and the fact that these metrics are f -invariant, we are able to prove that these metrics are locally strong equivalent to the volume measure of the leaves. This is done in Lemma 3.2.
Third
Step. As a consequence of Theorem 2.12 and the second step, we conclude that either the center foliation is atomic or it is leafwise absolutely continuous. In the latter case, using an argument similar to an argument used in [5] , we prove that the flow induced by the metrics d x is actually uniformly C ∞ along the center manifold, and uniformly C ∞ along the stable and unstable leaves. As a consequence of Journé Lemma we conclude that it is actually C ∞ in the whole manifold M . Since F c coincides with the partition by orbits of such flow it follows that F c is C ∞ . In this case, F cs is absolutely continuous and f is Bernoulli as a consequence of Theorem A.
Leafwise equicontinuity and invariant metrics
Let us fix some notations. Given a foliation F of M by C 1 leaves, for any leaf L ∈ F and x, y ∈ L we denote d F (x, y) the distance between x and y measure in the Riemannian distance of L. The distance d F (x, y) is called the leaf distance between x and y. If f : M → M is a C 1 partially hyperbolic diffeomorphism with center foliation F c , we replace the notation d F c by the more convenient notation d c . That is, for y ∈ F c (x), d c (x, y) denotes the distance between x and y measured along the leaf F c (x).
Definition 3.1. If f : M → M is a C 1 diffeomorphism and F is an f -invariant foliation, we say that f is equicontinuous along F or that f is leafwise equicontinuous (when F is implicit), if given ε > 0 there exists δ > 0 for which, for any pair of points x, y in the same F-leaf we have
The following Theorem is crucial in the proof of Theorem B and roughly states that if a C 1 diffeomorphism f preserves an orientable equicontinuous foliation, then, there exists a continuous system of metrics which is f -invariant. Moreover, for almost every leaf with respect to any given invariant ergodic measure, the supremum of the leaf-distance between positive iterates of two points in a certain leaf coincides with the supremum taken over all iterates of such points.
Theorem F. Let f : M → M be a C 1 -diffeomorphism which is equicontinuous along an orientable continuous f -invariant foliation F with dimension one. Assume f preserves the orientation of the leaves. Then, the system of metrics {d x } x∈M given by
is continuous and given any ergodic invariant measure µ, there exists an f -invariant subset S ⊂ X of full µ-measure such that for all x ∈ S we have
Proof. Let us first prove the continuity of the system of metrics. Considering the order relation along a leaf L ∈ F induced by the orientation of F, denote by ϕ : R × M → M the map given by ϕ r (x) := sup{y ∈ F(x) : d x (x, y) ≤ r}.
In particular, if F(x) is a leaf of diameter less than r then,
For each r ∈ R and each ε > 0 define x r = ϕ r (x) ∈ F(x). The point x r is well defined by the equicontinuity of f along F. We also consider φ : R × M → M the flow along the center foliation induced by d F and the orientation of F. For s ∈ R and y = φ s (x), denote proof of Claim 1. Let x ∈ M and consider (n k ) ⊂ Z such that
Consider C be a closed foliation box associated to a closed local chart ψ : It is clear that y m → x r by the continuity of F. In particular, for each k ∈ N, by the continuity of f n k and of F, there exists m k for which:
Assume without loss of generality that y m k is between y m k and y r m k , the other case is analogous. We claim that given any ε > 0 we can take k large enough so that ) ≥ ε/2 for all k ∈ N. By the bi-Lyapunov stability of f , there exists δ > 0 for which
But then,
In particular by (3.1) we have
which is yields an absurd when we take k → ∞. Therefore (3.2) holds. Now, since y m k → x r , by (3.2) we conclude that for k large enough we have d(x r , y r m k ) < ε. That is, the map x → x r is continuous. Finally, the continuity of g follows from the continuity of F and the continuity of the map x → x r .
Since f is bi-Lyapunov stable, for each x ∈ M fixed the map r → x r is also continuous. Therefore by the first claim we conclude that (x, r) → x r is continuous and, consequently, {d x } x∈M is a continuous system of metrics along F. Let us prove the second part of the statement.
Obviously
, f n (y)) so that it is enough to prove the other hand of the inequality. For each leaf x ∈ F consider
, and B x (x, r) = {y ∈ F(x) : d x (x, y) < r}.
Consider the sets
Claim 2. S + r (ε) and S − r (ε) are measurable sets. proof of Claim 2. By the first claim, the map g(x) = d F (x, x r ) is measurable. Now, observe that since f (x r ) = f (x) r we have
which is a measurable set. Analogous for S − r (ε). 
Thus, for some m 0 ≥ 0 we must have µ(S + r (ε)(m 0 )) > 0. But,
which implies µ(S − r (ε)) > 0. Again by Poincaré recurrence followed by ergodicity we conclude that the set S Let x ∈ S and y ∈ F(x). If d x (x, y) ∈ Q then, by the definition of S ,
Now, if d x (x, y) / ∈ Q consider (y n ) a sequence of points in F(x) with y n → y and d x (x, y n ) ∈ Q. Given any δ > 0, by the leafwise equicontinuity of f , there exists n 0 ∈ N such that
In particular, for n ≥ n 0 ,
In particular, for each n ≥ n 0 , since d x (x, y n ) ∈ Q there exists m n ∈ N for which
Since δ is arbitrary we have
That is, for µ-almost every point x ∈ S , for every y ∈ F(x)
as we wanted to show. In particular,
Finally, the set
is f -invariant, has full measure and satisfies the requirement of the statement.
Proof of Theorem B
Since f is a diffeomorphism, either f preserves or reverses the orientation between pairs of center leaves. If f reverses the orientation we may work with f 2 , which is still ergodic since accessibility is still true for this diffeomorphism. Therefore we may assume that f preserves the orientation of center leaves.
By Theorem F, the system of metrics {d x } x∈M along the center foliation F c given by
is continuous and is clearly f -invariant. In particular it is also invariant by stable and unstable holonomies. Therefore, the system of Hausdorff measures ρ L defined on the leaves L ∈ F c by the
where
is an f -invariant system and also invariant by stable and unstable holonomies.
In what follows we prove that the measures ρ L are equivalent to the Lebesgue measure λ L on the respective leaf. Proof. Let L be a center leaf. Observe that, if ρ L (E) = 0 then, given ε > 0 there exists a cover
Now, given any x ∈ L, there exists a C 1 diffeomorphism h x,x which preserves ρ L and maps
exists everywhere and is positive everywhere. In particular, given any interval I ⊂ L, the Jacobian is uniformly bounded away from zero at I, therefore d L is strongly equivalent to d in I. Since this is true for every I ⊂ L we conclude that, in particular, d L is locally strongly equivalent to the leaf metric as we wanted.
By Lemma 3.2 and Theorem 2.12 applied for the Z-action given by
either the disintegration of m is atomic or it is equivalent to λ L for m-almost every leaf L, and in the later case it is su-invariant. Consider now the map ψ :
and such that ψ(t, ·) preserves the orientation of F c for every t fixed.
Lemma 3.3. The map ψ is a continuous flow.
Proof. Consider t, s ∈ R. Let x, y, z ∈ L be three points in a center leaf L such that
Consider t, s > 0, the other cases are analogous; By definition,
Continuity of ψ follows from the continuity of {d L : L ∈ F c } .
Since the system of metrics {d L : L ∈ F c } is continuous, invariant by stable and unstable holonomies and f -invariant it follows that ρ L is also invariant by stable and unstable holonomies. Consequently,
Lemma 3.4. The flow ψ t is volume preserving if F c is not atomic.
Proof. Observe that, if F c is not atomic, given a foliated box V and any measurable subset B ⊂ V , the disintegration of m along plaques of F in U are given by
Therefore, considering ν the factor measure on V /F c and recalling that ρ L is the Hausdorff measure generated by d L (thus invariant under ψ t ), we have
that is, ψ t preserves the volume measure m.
Next we prove that the flow ψ t is C ∞ using an argument similar to the argument used in [5] . In our case, since we are not dealing directly with the diffeomorphism instead of dealing with a bundle automorphism, the proof is slightly simpler. The proof is obtained from an application of Journé Lemma (Theorem 3.5) after one has concluded that ψ t is C ∞ along F c , F s and F u leaves.
Theorem 3.5.
[21] Let F 1 and F 2 be transverse foliations of a manifold M whose leaves are uniformly C ∞ . Let η : M → R be any continuous function such that the restriction of η to the leaves of F 1 is uniformly C ∞ and the restriction of η to the leaves of F 2 is uniformly C ∞ . Then η is uniformly C ∞ .
Lemma 3.6. The flow ψ t is a C ∞ flow.
Proof. Given any t ∈ R consider x, x ∈ L with x = ψ t (x). Since stable and unstable holonomies preserve ρ L and the orientation of the leaves, given a concatenation of stable and unstable holonomies h s x,x maping x to x we have:
That is, ψ t is an uniformly smooth diffeomorphism along the leaf as we wanted. Now we will prove that ψ is uniformly C ∞ along stable and unstable leaves. The argument to prove this last part is the same argument from [5, Lemmas 7.7, 7.8] . We briefly repeat the argument here for the sake of completeness.
Let B be a foliation box for F s and consider {m The disintegration on the right side is situated in the foliation box ψ t (B) and is also continuous. Since ψ t is a homeomorphism, the disintegration on both sides are continuous and m is the volume measure, (3.4) extends to every point of B. That is, (ψ t ) * m s x = m s ψt(x) , for every x ∈ B. In particular, since the densities of m s x are smooth, ψ t is the solution of an ordinary differential equation along F s -leaves with smooth and transversely continuous coeficients. Thus the solutions are as smooth as the coefficients and vary continuously with the leaf. Therefore, ψ t is uniformly C ∞ along stable leaves. Analogously, ψ t is uniformly C ∞ along unstable leaves. Finally, by Theorem 3.5, for t and x fixed, since any leaf F cs (x) is subfoliated by F c and F s and since
and F s -leaves, we conclude that ψ t is uniformly C ∞ along F cs -leaves. Applying the same argument to the pair of transverse foliations F u and F cs we conclude that ψ t is indeed C ∞ on M uniformly in t. In particular ψ is C ∞ on M × R as we wanted.
Since ψ t is a C ∞ flow and F c is composed by orbits of ψ t then F c is a C ∞ foliation. In this case F cs is an absolutely continuous foliation by [29] and by Theorem A we conclude that f is Bernoulli.
Observe that Lemma 3.2 does not depend on the format of the continuous system of distances which is f -invariant, but solely on the existence of such system and on the fact that the center direction is one-dimensional. Thus, as a byproduct of Lemmas 3.2 -3.6 we have the following result.
Theorem G. Let f be a C 1+α partially hyperbolic diffeomorphism which is accessible, with one dimensional center foliation F c and dynamically coherent. If f admits an finvariant continuous system of metrics {d L : L ∈ F c } along the center leaves of f then F c is non atomic if, and only if, f has neutral center.
Proof. Consider ψ t the flow defined as in (3.3). By Lemmas 3.2-(3.6) we have that ψ t is a C ∞ flow. In particular, there are continuous positive functions α(x), β(x) for which,
As M is compact we may take
Then, it is easy to see that for any a, b ∈ F c (x) one has
In particular, as {d L } is preserved by f we have that
for any x, a, b ∈ L ∈ F c . Consequently, f has neutral center as we wanted to show.
Joint integrability and almost absolute continuity
In this section we establish some facts which are true for every C 1+α partially hyperbolic diffeomorphism for which E s ⊕ E u is integrable and which will be fundamental for the rest of the paper. More precisely we prove that the foliations F s and F u are absolutely continuous inside the leaves F su tangent to E s ⊕ E u and that the su−holonomy between center transversals is C 1 . The proof of the former follows from the original proof of absolute continuity of stable/unstable manifolds for partially hyperbolic diffeomorphisms as given, for example, by Pesin [6] or Pugh-Shub [29] . The later follows from the fact that neutral center implies center-bunching of the diffeomorphism and center-bunching implies that s-holonomy (resp. u-holonomy) between local center manifolds inside centerstable leaves (resp. center-unstable leaves) are C 1 . As absolute continuity is always a very delicate issue we make a proof of the main result of this chapter at the appendix. In a first reading however we recommend the reader to assume Theorem 4.1 and proceed to the next section.
Theorem 4.1. Let f be a C 1+α partially hyperbolic diffeomorphism with E u ⊕ E s integrable to a foliation with regular leaves. Then F s and F u are absolutely continuous inside F su .
Proof. The proof is essentially the same as the original proof of the unstable/ stable foliations for a partially hyperbolic diffeomorphisms. We make it at the appendix remarking the places where technical details are adapted.
Proposition 4.2. Let f ∈ P H 1+α m (M ) with the strong center-bunching property, dynamically coherent and with leafwise absolutely continuous center foliation F c . If E s ⊕ E u is integrable, then the F su -holonomy between every pair of center leaves is C 1 . Furthermore F c -holonomies between almost every pair of su−leaves are absolutely continuous.
Proof. Since F s and F u are C 1 foliations inside center-stable and center-unstable leaves respectively (see Section 2.3), we conclude that F su -holonomies between any pair of center leaves are C 1 , since they are concatenations of stable and unstable holonomies. Consequently, by Lemma 2.6 it follows that F c -holonomies between almost every pair of F su -leaves are absolutely continuous.
Proof. Since the stable foliation is C 1 inside center-stable leaves, by Lemma 2.8 applied to N = F cs (x 0 )|U , F 1 = F s |N and F 2 = F c |N the result follows.
In the following section we show that in the jointly integrable situation, if F c is leafwise absolutely continuous, then the center-stable holonomies between almost every pair of unstable leaves are absolutely continuous, that is, condition (2) from Theorem A is satisfied.
Proof of Theorem D
Proof. For simplicity let us fix some notations. We will denote by W τ the τ = s, u the local stable and unstable manifolds (see [6] ) and by W c the local center manifold, which is actually an open ball in the center manifold. Given a set Y and a point x ∈ Y we denote by W τ Y (x), τ = s, c, u, cs, cu, su, the connected component of W τ (x) ∩ Y which contains x. Also, we will use in this section the simplified notation
Let us prove, at first, that for almost every center leaf, c-holonomies between almost every pair of stable/unstable leaves are absolutely continuous. Let B be a foliation box for F c . Abusing notation we denote by {m Now, by taking B small enough, for almost every y ∈ B, we introduce local coordinates in the connected component C y of F su (y) ∩ B containing y in the following way: for a fixed z ∈ C y , we denote by
, the point:
where the local τ -manifolds at z are taken so that the intersection given above is unique, τ ∈ {s, u}. By Theorem 4.1 we know that, with these new coordinates, λ su y restricted to C y is absolutely continuous with respect to λ
Since F c is leafwise absolutely continuous, for almost every point x ∈ B, the center plaque P c (x) intersects U in a set F x of full λ By the absolute continuity of the c-holonomy map it follows that λ su x 0 ( E) = 0. But since λ s z ( E) ≥ κ, for every z ∈ E, it follows that λ u x 0 (E) = 0, absurd. That is, indeed for almost every center leaf, c-holonomy between almost every pair of stable/unstable leaves is absolutely continuous. Call this set of center leaves C Now, consider a leaf L ∈ F cs and T 1 , T 2 two local unstable transversals with x := T 1 ∩ L, y := T 2 ∩ L. By the previous claim, we can find a sequence of points (x n ) ⊂ M with x n → x and such that the center leaf at x n is in C. For n large enough, we have, restricting the domain if necessary,
. Thus, we may assume that for a certain
c (x 0 ) for which the c-holonomy between unstable transversals is absolutely continuous. Denote by S(E) the stable saturate of E inside L. By Lemma 4.3 we have that S(E) is a m cs x 0 -conull subset of L. Let x, y be any two points in S(E). Consider p ∈ F s (x) ∩ E, q ∈ F s (z) ∩ E. For any B ⊂ F u (x) we have, see Figure 2 ,
Since F s is absolutely continuous inside su-leaves, each of the three holonomies on the right side is absolutely continuous, from where we conclude that cs-holonomies between m cs x 0 -almost every unstable leaves are indeed absolutely continuous. 
Conclusion of the proofs of the main Theorems
Proof of Theorem C Since f has neutral center either F c is weakly atomic of leafwise absolutely continuous. If the latter occurs then the proof is concluded by Proposition 4.2 and Theorem A.
Proof of Theorem E
As commented in the preliminaries (see Section 2.4), by [30] the diffeomorphisms satisfying the statement of Theorem E have neutral center and are Kolmogorov. In particular by Theorem C we conclude that such diffeomorphisms are Bernoulli.
Bernoulli property for partially hyperbolic diffeomorphisms
In this section we prove that for volume preserving dynamically coherent partially hyperbolic diffeomorphisms, Lyapunov stability of the center foliation plus leafwise absolute continuity of the center foliation are enough to promote the Kolmogorov property to the Bernoulli property. As remarked in the introduction, this fact is proved here by revisiting and adapting the classical argument used in [13] for the partially hyperbolic context.
ε-Regular covers
Along this section we assume that f is a C 1+α volume preserving partially hyperbolic diffeomorphism satisfying hypothesis (1) and (2) from Theorem A.
Definition 5.1. A rectangle is a pair (P, z) where P ⊂ M is a measurable set equipped with a point z ∈ P satisfying the following property: for all x, y ∈ P the local manifolds W u P (x) and W cs P (y) intersect in a unique point inside P . For the sake of simplicity we also refer to P as being the parallelepiped and to z as being a distinguished point chosen inside P .
It is easy to see from the definition that a rectangle P can be identified with the product:
for any x ∈ P . Consider η be the partition of P by local unstable leaves. Given any subset B ⊂ P and any z ∈ P , as F u is absolutely continuous we have
where ν is the factor measure on P/η coming from Rohklin's Theorem. Also, by identifying P/η with F cs (z) ∩ P we have ν and, moreover, R contains a subset, G, with m(G) > (1 − ε)m(R) which has the property that for all points in G,
The existence of ε-regular covering of connected rectangles is a known fact for the non-uniformly hyperbolic case by a construction of Chernov-Haskell [13] . However, as observed in [13, 25] if F cs is absolutely continous the construction can be repeated, ipsis literis, changing F s to F cs in the construction of [13] . The next Lemma states that M always admits ε-coverings. As the proof resembles the argument used in [13] , to preserve the fluidity of the reading we have chosen to present it at Appendix 5.2. There we essentially repeat the construction to show that the absolute continuity hypothesis on F cs can actually be replaced by almost absolute continuity of the holonomies in the sense of property (2) of Theorem A.
Lemma 5.4. Given any δ > 0 and any ε > 0, there exist an ε-regular covering of connected rectangles R ε of M with diam(R) < δ, for every R ∈ R ε .
Proof of Theorem A
Once the construction of the ε-regular covering is done the proof of the Bernoulli property is obtained following the same lines as in [13] with F cs playing the role of F s (similar to the argument used in [26] ). In what follows we will describe the scheme of the proof pointing out the steps in which the argument is the same as in [13, 26] and the point in which the Lyapunov stability along the center direction is used.
The basis of the approach:
The foundation of the approach is based on two theorems due to D. Ornstein in which Ornstein shows that one can obtain Bernoulli partitions by approximating such partitions by what are called Very Weak Bernoulli partitions.
In a very brief way we may summarize the results we need in the following statement (which is all that is need here).
In what follows X = (X, µ) and Y = (Y, ν) are non-atomic Lebesgue spaces, that is, they are both measurably isomorphic to the unit interval [0, 1] endowed with the Borel σ-algebra and the standard Lebesgue measure.
A probability measure η on the product space X × Y is a joining of X and Y if the marginals, or projections, of η are µ and ν, that is, for any measurable sets A ⊂ X, B ⊂ Y we have η(A × Y ) = µ(A), and η(X × B) = ν(B).
We denote by J(X, Y) the set of all joinings of X = (X, µ) and Y = (Y, ν). Let α = {A 1 , ..., A k } and β = {B 1 , ..., B k } be finite partitions of X and Y respectively. Given x ∈ X, denote by α(x) the atom of α which contains x. For y ∈ Y , β(y) is defined in a similar way.
Definition 5.5. The d-distance between α and β is defined by:
Observe that the definition of the d-distance reflects the idea that we want to measure how small is the set of pairs belonging to atoms of different indexes. of X and Y respectively, a natural way to measure the difference between the α-name of a point x ∈ X and the β-name of a point y ∈ Y is to take the function 
A measurable map θ : X → Y is called ε-measure preserving if there exists a subset E ⊂ X such that µ(E) ≤ ε and for every measurable set A ⊂ X \ E,
Definition 5.7. Let f : X → X be a µ-preserving isomorphism of a measure space (X, µ). A partition α of X is called a Very Weak Bernoulli partition (VWB) for f if for any ε > 0 there exists N 0 = N 0 (ε) such that for any N ≥ N ≥ N 0 , n ≥ 0, and ε-almost every element A ∈ N k=N f k α, we have
where the partition α|A is considered with the normalized measure µ/µ(A).
Theorem 5.8. [23, 24] Let (X, B, µ) be a non-atomic Lebesgue space and f : X → X be a measure preserving automorphism. If there exists a sequence of Very Weak Bernoulli partitions ε 1 < ε 2 < . . . ,
The Lemma which allows us to do the approach we perform here is the following.
Lemma 5.9. [13, Lemma 4.3] Let (X, µ) and (Y, ν) be two nonatomic Lebesgue probability spaces. Let {α i } and {β i }, 1 ≤ i ≤ n, be two sequences of partitions of X and Y , respectively. Suppose there is a map θ : X → Y such that 1) there is a set E 1 ⊂ X whose measure is less than ε, outside of which h(x, θ(x)) < ε.
2) There is a set E 2 ⊂ X whose measure is less than ε, such that for any measurable set
Conclusion of the proof of Theorem A:
The function θ required in 5.9 is constructed in the following lemma.
Lemma 5.10. [26, Lemma 4.9] For any δ > 0, there exists 0 < δ 1 < δ with the following property. Let Π be a δ 1 -rectangle and E a set intersecting Π leafwise. Then we can construct a bijective function θ : E ∩ Π → Π such that for every measurable set F ⊂ E ∩ Π we have m
The final step is to prove that any partition α = {A 1 , . . . , A k } of M by subsets with piecewise smooth boundaries is very weak Bernoulli.
Consider such a partition α. Given a δ-regular covering of M , using Lemma 5.10, in [26, Lemma 4.12, it is proved that given any β > 0, there exists N 1 > 0 for which, for any N ≥ N ≥ N 1 and β-almost every element
there exists a c · ε-measure preserving function θ : A → M with
where c is a constant independent of ε. Now, to prove that the Cesaro sum appearing in Lemma 5.9 is small we use Birkhoff theorem and the Lyapunov stable center. Indeed, since f has Lyapunov stable center and F s is contracted, by (5.4) we may take δ small enough so that if x, y ∈ R i and y
In particular, for x ∈ A l i (x) we have by (5.5)
where O ε (X) denotes the ε-neighborhood of a set X. Let
By Birkhoff Theorem we have
Since m(O ε ) → 0 as ε → 0, by Lemma 5.9 it follows that α is indeed VWB. Finally, by taking an increasing sequence of partitions α 1 < α 2 < . . ., each α i being composed of sets with piecewise smooth boundaries, and such that diam(α i ) → 0 we conclude by Theorem 5.8 that f is a Bernoulli automorphism as we wanted to show.
1) D p ⊂ F(p) and;
2) the maps σ|F(p) : (q, y) ∈ F(p) → σ(q)(y) are C r functions.
Given a sequence of functions (g n ) n we will use the notation g n → → h, as in [29, 2] , to say that the sequence g n converges uniformly to h. The next Lemma gives us the basic strategy of the proof.
Lemma 5.12 (see [2] , p.136 or Lemma 3.2 in [29] ). Suppose h :
where the J(g n ) is the Jacobian of g n . Then h is absolutely continuous and has Jacobian J.
The foundation of the proof is to approximate the unstable holonomies (in our case unstable holonomies inside su-leaves) by a sequence of pre-holonomies smoothly subordinated to the foliation F su and then, using Lemma 5.12, one can obtain an expression for the jacobian of the unstable holonomy.
Lemma 5.13 (cf. Lemma 3.3 in [29] ). Suppose that for every x ∈ M we have
where N (x) depends smoothly on x inside su-leaves. For δ > 0 fixed, let G(δ) be the pre-foliation smoothly subordinated to F su given by
where exp
is the exponential map and N p (δ) is the δ-ball in N (p) centered at the origin. Let β be given with 0 ≤ β ≤ π/2. For small δ > 0 and
Proof. Since G p,q is smooth and its derivative is a continuous function in p and q it is enough to prove that D y G p,q : T y D p → T y D q is a bijection, where y = G p,q (y). Also, observe that it is enough to prove the bijectivity for y = p since G p,q = G y,y for y sufficiently close to p. Now, since the set of subspaces A :
su (p), we conclude that for an F su -neighbourhood of the diagonal set ∆ = {(x, x) : x ∈ F su (p)} the pre-holonomy G p,q is still a bijection as we wanted to show.
As F su (x) is a C 1 manifold for every x ∈ M , we may consider over each leaf F su (x) a smooth approximation N (y) of E u (y) transverse to E s (y), y ∈ F su (x). More precisely, let N (x) ⊂ T x M be a subspace satisfying
and such that for each x ∈ M fixed, the function y → N (y) depends smoothly on y ∈ F su (x). Choose β so that 0 < β < π/2 and ∠(E cs , (E u ) ⊥ ) < β, ∠(E cs , N ⊥ ) < β. Then choose δ according to Lemma 5.13 . Consider the family G of local submanifolds given by This family is a pre-foliation smoothly subordinated to F su . Let G n be the pre-foliation obtained from iteration by f n :
and G n (ε) be given by G n (ε) : G . We must study the holonomy map H p,q : D p,q → R p,q for the foliation F u . Each H p,q is a homeomorphism since F u is indeed a foliation. As n → ∞ we have again by [20] that T (f −n D p ) → → E cs and the same for p replaced by q. However, since D p is transverse to F u inside an su-leaf we have T y (f −n D p ) ⊂ T y F su (f −n (p)), y ∈ f −n D p , which implies
Thus we can assume wtlog
for all n ≥ 0. Furthermore we may shrink D p so that D p = D p,q and R p,q = range of H p,q is interior to D 1 , since the existence of J(H p,q ) is a local question. Since G n (ε) .
The proof of (a) is identical to the proof given in [29, Pg.8] and is purely topological. The proof of (b) is also very similar to [29] , so that we will just recall the main steps below. The maps g n can be expressed in the following manner:
where p n = f −n p, q n = f −n Q n , Q n = G Since T f −n (D p ) ⇒ E s , T f −n (D q ) ⇒ E s and q n ∈ G pn (ε n ) with ε n → 0, then DG 0 pn,qn ⇒ Id E s , that is, det(DG 0 pn,qn T f −n (Dp) ) ⇒ 1. Therefore, it is enough to prove that For y = p, the existence of the uniform limit on the right side is equivalent to the uniform convergence of the series
)| which follows from the Hölder continuity of x → E s (x) and from the C 1+α -regularity of f . Now, by the invariance of the stable bundle we have This follows again from the Hölder continuity of the stable bundle, from the regularity of f and from the fact that d(f −n (h(y)), f −n (y))) is uniformly contracting as n → ∞. The technicalities at these points are the same as in [PS] so we omit the details here.
Appendix B: Proof of Lemma 5.4 In this appendix we prove the existence of ε-regular coverings of M as stated in Lemma 5.4. Once again we remark that the argument is very similar to the argument used in [13] but with the center-stable manifold playing the role of the stable manifold in the proof given in [13] . The fact that F cs -holonomies are absolutely continuous between almost every pair of transversals requires a slightly technical adaptation of the proof.
Proof. Let ε > 0 be given. Up to measure 0, consider a cover of M by a finite number of open charts separated one to the other by a finite number of smooth compact hypersurfaces. In particular, in each of the chosen charts there is a coordinate system which induces an isomorphism between a bounded domain in R d and the respective chart. Fix a given chart (U, ϕ).
• For each x ∈ U , we identify T x M with R d via Dϕ(x) : T x M → R d .
• Given x, y ∈ U and subspaces L x ⊂ T x M , L y ⊂ T y M , we denote by ∠(L x , L y ) the angle between the vector subspaces Dϕ(x) · L x and Dϕ(y) · L y of R d .
• Denoting by L the Lebesgue measure L on R d , we set λ = ϕ * L on U . As the chart is smooth λ is equivalent to the Riemannian volume m defined by the metric in M . Thus m << λ and there is a constant δ > 0 such that λ(A) < δ ⇒ m(A) < ε/4.
• The euclidian metric in R d can be pulled back by ϕ −1 to a metric in each chart. This metric will be called the Euclidian metric on the chart and, since the chart is a smooth function, this metric is strongly equivalent to the Riemannian metric, say with a constant c, which can be taken to be smaller than 2 by making a convenient choice of the charts and of the systems of coordinates.
As in [13] , for x ∈ M and τ ∈ {s, u}, we denote by r 
